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Tail bounds

Z a real random variable. We look for bounds of the form

Pr {Z −E [Z] > t} ≤ Ξ (t)

where we hope that Ξ exponentially decreasing
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Problem setup

(Ω,Σ,µ) =
∏n
i=1 (Ωi,Σi,µi) a product of probability spaces

A = the algebra of bounded measurable functions f : Ω→ R

Xi a random variable distributed as µi, so
X = (X1, ...,Xn) is a vector of independent varianbles

Objective: for f ∈ A and t > 0, bound

Pr {f (X)−E [f (X)] > t} = Pr {f −E [f ] > t}



Markov inequality and exponential moment method

Theorem (Markov inequality): If f ∈ L1 (µ), f ≥ 0 and t > 0 then

Pr {f > t} ≤ E [f ]

t
.

Theorem (Chebychev inequality): If f ∈ L2 (µ) and t > 0 then

Pr {|f −E [f ]| > t} ≤ σ2 (f )

t2
.

Theorem (Exponential moment method): If f ∈ L∞ [µ] and t > 0 then

Pr {f −E [f ] > t} ≤ inf
β≥0

exp
(
lnE

[
eβ(f−E[f ])

]
− βt

)
.

lnE
[
eβ(f−E[f ])

]
is called the moment generating function (mgf).



Entropy and the moment generating function

Theorem : If f ∈ A and β ∈ R then

lnE
[
eβf

]
= sup
ρ=p-density on Ω

βE [ρf ]−E [ρ ln ρ]

and the supremum is attained by the density

ρβf =
eβf

E
[
eβf

].
Terminology:

Partition function Zβf = E
[
eβf

]
Thermal measure dµβf = ρβfdµ = eβfdµ/Zβf
Thermal expectation Eβf [g] = E

[
geβf

]
/Zβf

Entropy Entf (β) = E
[
ρβf ln ρβf

]
= βEβf [f ]− lnZβf



Entropy and concentration

Theorem: For f ∈ A and β ≥ 0

lnE
[
eβ(f−E[f ])

]
= β

∫ β
0

Entf (γ)

γ2
dγ

Pr {f −E [f ] > t} ≤ inf
β≥0

exp

(
β
∫ β
0

Entf (γ)

γ2
dγ − βt

)
.

This is the reason why we want to bound the entropy!



Entropy, thermal variance and fluctuations

σ2βf (g) = Eβf

[(
g−Eβf [g]

)2]
.

Formulas:

d

dβ
lnE

[
eβf

]
= Eβf [f ]

d

dβ
Eβf [g] = Eβf [fg]−Eβf [f ]Eβf [g] .

Theorem (fluctuation representation of entropy): For f ∈ A and β ≥ 0

Entf (β) =
∫ β
0

∫ β
t
σ2sf (f ) dsdt.



Product spaces

f : Ω =
n∏
i=1

Ωi 7→ f (x) = f (x1, ...,xn) ∈ R.

Ak = {functions in A which don’t depend on the k-th argument}

Substitution operator Sky : A → Ak

Skyf (x) = f (x1, ...,xk−1, y,xk+1, ...,xn)

Conditional expectation Ek : A → Ak defined by Ek [g] = Ey∼µk
[
Skyf

]



Conditional quantities

Zk,βf = Ek
[
eβf

]
conditional partition function

Ek,βf [g] = Z−1k,βfEk
[
geβf

]
conditional thermal expectation

Entk,f (β) = βEk,βf [g]− lnZk,βf conditional entropy

σ2k,βf [g] = Ek,βf

[(
g−Ek,βf [g]

)2]
conditional thermal variance

σ2k [g] = Ek
[
(g−Ek [g])2

]
conditional variance

Lemma: For g ∈ A, Eβf
[
Ek,βf [g]

]
= Eβf [g] .



Thermal subadditivity of entropy

Lemma: If h, g > 0 then

E [h] ln
E [h]

E [g]
≤ E

[
h ln

h

g

]
.

Lemma: If ρ ∈ A and ρ > 0 then

E

[
ρ ln

ρ

E [ρ]

]
≤
∑
k

E

[
ρ ln

ρ

Ek [ρ]

]
.

Theorem: For f ∈ A and β ∈ R

Entf (β) ≤ Eβf

 n∑
k=1

Entk,f (β)

 .



Summary of results

For f ∈ A and β ∈ R

Pr {f −Ef > t} ≤ inf
β≥0

exp
(
lnE

[
eβ(f−Ef )

]
− βt

)
lnE

[
eβ(f−Ef )

]
= β

∫ β
0

Entf (γ)

γ2
dγ

Entf (β) ≤ Eβf

 n∑
k=1

Entk,f (β)


Entf (β) =

∫ β
0

∫ β
t
σ2sf [f ] ds dt



Tomorrow

• Efron-Stein inequality

• Bounded Difference inequality

• Bernstein-Bennett inequalities

• Various applications



Summary of results

For f ∈ A and β ∈ R

Pr {f −Ef > t} ≤ inf
β≥0

exp
(
lnE

[
eβ(f−Ef )

]
− βt

)
lnE

[
eβ(f−Ef )

]
= β

∫ β
0

Entf (γ)

γ2
dγ

Entf (β) ≤ Eβf

 n∑
k=1

Entk,f (β)


Entf (β) =

∫ β
0

∫ β
t
σ2sf [f ] ds dt

where Eβf [g] = E
[
geβf

]
/E

[
eβf

]
and σ2βf (g) = Eβf

[(
g−Eβf [g]

)2]
and Ent(k)f (β) = βE(k)βf [f ]− lnE(k)

[
eβf

]



Some operators on A

For k ∈ {1, ...,n}, y, y′ ∈ Ωk and f ∈ A

partial difference operator Dk
y,y′f = Skyf − Sky′f .

conditional variance σ2k (f ) =
1

2
E(y,y′)∼µ2k

[(
Dk
y,y′f

)2]
conditional range rk (f ) = sup

y,y′∈Ωk

Dk
y,y′f

sum of conditional variances Σ2 (f ) =
n∑
k=1

σ2k (f )

sum of conditional squared ranges R2 (f ) =
n∑
k=1

r2k (f )



The Efron-Stein Inequality

Theorem (Efron-Stein inequality): For f ∈ A

σ2 (f ) ≤ E
[
Σ2 (f )

]



The bounded difference inequality

Lemma: If a ≤ f ≤ b then

σ2 (f ) ≤ (
b− a)2

4

Theorem: For f ∈ A and t > 0

Pr {f −Ef > t} ≤ exp
(

−2t2

supx∈ΩR
2 (f ) (x)

)
.

Recall that R2 (f ) =
n∑
k=1

r2k (f ) =
n∑
k=1

sup
y,y′∈Ωk

(
Dk
y,y′f

)2



Corollaries of the bounded difference inequality

Corollary 1 (Hoeffding’s inequality):
Let Xk be real random variables ak ≤ Xk ≤ bk. Then

Pr

∑
k

(Xk −E [Xk]) > t

 ≤ exp
 −2t2∑n

k=1 (bk − ak)
2

 .

Corollary 2 (Little bounded difference inequality): For f ∈ A and t > 0

Pr {f −Ef > t} ≤ exp
(
−2t2

nc2

)
,

where c = max
k

sup
x∈Ω,y,y′∈Ωk

Dk
y,y′f (x) .



Application: vector valued concentration

Theorem: Xi independent r.v. with values in a normed space B
E [Xi] = 0 and ‖Xi‖ ≤ ci.
Then for δ > 0 with probability at least 1− δ∥∥∥∥∥∥

∑
i

Xi

∥∥∥∥∥∥ ≤ E
∥∥∥∥∥∥
∑
i

Xi

∥∥∥∥∥∥+
√
2
∑
i

c2i ln (1/δ).

If B is a Hilbert-space and the Xi are iid then∥∥∥∥∥∥1n
∑
i

Xi

∥∥∥∥∥∥ ≤
√√√√E [‖X1‖2]

n
+ c1

√
2 ln (1/δ)

n



Application: Rademacher complexities

Theorem: F a class of functions f : X → [0, 1]

X = (X1, ...,Xn) be a vector of iid r.v. with values in X .
Define for Rademacher variables ε1, ..., εn

Rad (F , x) =
2

n
Eε sup

f∈F

∣∣∣∣∣∣
∑
i

εif (xi)

∣∣∣∣∣∣ .

Then with probability at least 1− δ in X

sup
f∈F

∣∣∣∣∣∣1n
∑
i

f (Xi)−E [f (Xi)]

∣∣∣∣∣∣ ≤ Rad (F ,X) + 2
√
2 ln (2/δ)

n
.



Bennett and Bernstein inequalities

Lemma: If f −Ef ≤ 1. Then for β > 0 we have σ2βf (f ) ≤ e
βσ2 (f ) .

Lemma: Assume that f −Ekf ≤ 1 for all k ∈ {1, ...,n}. Then for β > 0

Entf (β) ≤
(
βeβ − eβ + 1

)
Eβf

[
Σ2 (f )

]
.

Lemma: For x ≥ 0 we get (1+ x) ln (1+ x)− x ≥ 3x2/ (6+ 2x) .

Theorem (Bennett/Bernstein inequalities): Assume f − Ekf ≤ 1,∀k. Let
t > 0 and denote V = supx∈Ω Σ2 (f ) (x). Then

Pr {f −E [f ] > t} ≤ exp
(
−V

((
1+ tV −1

)
ln
(
1+ tV −1

)
− tV −1

))
≤ exp

(
−t2

2V + 2t/3

)
.



Application: vector valued concentration revisited

Theorem: Xi iid r.v. with values in a Hilbert space H
E [Xi] = 0 and ‖Xi‖ ≤ c.

Then for δ > 0 with probability at least 1− δ∥∥∥∥∥∥1n
∑
i

Xi

∥∥∥∥∥∥ ≤
√√√√E [‖X1‖2]

n

(
1+

√
2 ln (1/δ)

)
+
4c ln (1/δ)

2n
.



Tomorrow

• Gaussian concentration

• Exponential Efron-Stein inequalities

• Application to convex Lipschitz functions

• Application to random matrices



Gaussian concentration

Theorem (Ibragimov, Tsirelson, Sudakov):
f : Rn → R is L-Lipschitz (possibly unbounded)
X = (X1, ...,Xn) an iid vector Xi ∼ N (0, 1).

Then for t > 0

Pr {f (X) > E [f (X)] + s} ≤ e−t
2/(2L2).



A monotonicity bound on the thermal variance

Lemma (Chebychev’s association inequality):
g,h : R→ R, X a real random variable.
If g and h are either both nondecreasing or both nonincreasing then

E [g (X) h (X)] ≥ E [g (X)]E [h (X)] .

If either one of g or h is nondecreasing and the other nonincreasing then

E [g (X) h (X)] ≤ E [g (X)]E [h (X)] .

Lemma (monotonicity bound): If 0 ≤ s ≤ β. Then

σ2sf (f ) ≤ Ex∼µβf
[
Ex′∼µ

[(
f (x)− f

(
x′
))2
+

]]
.



More operators on A

Define two operators D2 : A → A and V 2+ : A → A by

D2f =
∑
k

(
f − inf

y∈Ωk

Skyf

)2

and V 2+f =
∑
k

Ey∼µk

[((
f − Skyf

)
+

)2]
.



Exponential Efron-Stein inequality, upper tail

Lemma : For β > 0 and f ∈ A

Entf (β) ≤
β2

2
Eβf

[
V 2+ (f )

]
and lnE

[
eβ(f−E[f ])

]
≤ β

2

∫ β
0
Eγf

[
V 2+f

]
dγ.

Theorem: With t > 0

Pr {f −E [f ] > t} ≤ exp
(

−t2

2 supx∈Ω V 2+f (x)

)
≤ exp

(
−t2

2 supx∈ΩD2f (x)

)
.



Exponential Efron-Stein inequality, lower tail

Lemma : If f ∈ A and f − infk f ≤ 1,∀k then for β > 0

Ent−f (β) ≤ ψ (β)E−βf
[
D2f

]
,

where ψ (β) = eβ − β − 1

and lnE
[
eβ(E[f ]−f )

]
≤ ψ (β)

β

∫ β
0
E−γf

[
D2f

]
dγ

Theorem : If f − infk f ≤ 1 for all k and with ∆ := supx∈ΩD2f (x) ,
then for t > 0

Pr {E [f ]− f > t} ≤ exp
(
−∆

((
1+

t

∆

)
ln
(
1+

t

∆

)
− t

∆

))
≤ exp

(
−t2

2 supx∈ΩD2f (x) + 2t/3

)
.



Application: convex Lipschitz functions

Theorem: f : [0, 1]n → R

f is L-Lipschitz
f is separately convex (i.e. y ∈ [0, 1] 7→ Skyf (x) is convex for all k and all x)
X1, ...,Xn are independent with values in [0, 1]

Then

Pr {f (X) > Ef (X) + s} ≤ e−s
2/2L2.

We wait with the lower tail...



Application: operator norm of a random matrix

Recall: If M is an m× n matrix its operator norm is

‖M‖∞ = sup
v∈Rn,w∈Rm,‖w‖,‖v‖=1

〈Mv,w〉

Theorem:
X =

(
Xij

)
∈ [−1, 1]mn a random m× n matrix with independent Xij.

Then

Pr {‖X‖∞−E [‖X‖∞] ≥ t} ≤ exp

(
−t2

8

)

and Pr {E [‖X‖∞]− ‖X‖∞ ≥ t} ≤ exp

(
−t2

8+ 4t/3

)
.



Tomorrow

• Concentration of self bounding functions

• Application to convex Lipschitz functions

• Decoupling

• Concentration of the supremum of an empirical process



Beyond uniform bounds

Previous strategy:

1. Bound Entf (γ) ≤ ξ (γ)Eγf [G (f )]
with G : A → A, ξ : R→ R+

(e.g. ξ (γ) = γ2/8 and G = R2 for bded difference,
ξ (γ) = γeγ − eγ + 1 and G = Σ2 for Bennet, etc)

2. Bound mgf as

lnEeβ(f−Ef ) ≤ β
∫ β
0

ξ (γ)

γ2
Eγf [G (f )] dγ ≤ β supx

G (f ) (x)
∫ β
0

ξ (γ) dγ

γ2
.

Now we want to avoid the uniform estimate on G (f ) of the last step!



First trick: self-boundedness

Idea: Suppose G (f ) ≤ f . Then

β
∫ β
0

ξ (γ)

γ2
Eγf [G (f )] dγ ≤ β

∫ β
0

ξ (γ)

γ2
Eγf [f ] dγ = β

∫ β
0

ξ (γ)

γ2

(
d

dγ
lnZγf

)
dγ

Theorem: If V 2+f ≤ af + b then

lnE
[
eβ(f−E[f ])

]
≤ β2 (aE [f ] + b)

2− aβ
and lnE

[
eβf

]
≤ 2βE [f ] + β

2b

2− aβ
If D2f ≤ af + b and f − infk f ≤ 1 then

lnE
[
eβ(E[f ]−f )

]
≤ β2 (aE [f ] + b)

2
.



Self-boundedness - tail bounds

Lemma: If C, b, t > 0, then

inf
β∈[0,1/b)

(
−βt+ Cβ2

1− bβ

)
≤ −t2

2 (2C + bt)
.

Theorem: If V 2+f ≤ af + b then

Pr {f −E [f ] > t} ≤ exp
(

−t2

2 (aE [f ] + b+ at/2)

)
.

If D2f ≤ af + b and f − infk f ≤ 1 then

Pr {E [f ]− f > t} ≤ exp
(

−t2

2 (aE [f ] + b)

)
.



Convex Lipschitz functions revisited

Theorem: f : [0, 1]n → R

f is L-Lipschitz
f is separately convex (i.e. y ∈ [0, 1] 7→ Skyf (x) is convex for all k and all x)
f2 takes values in an interval of length ≤ 1
X1, ...,Xn are independent with values in [0, 1]

Then for t ∈ [0,E [f (X)]]

Pr {E [f (X)] > f (X) + s} ≤ e−s
2/8L2.



Second trick: decoupling

Recall Fenchel-Young inequality: ∀p.-density ρ, ∀g

Eβf [g] ≤ Entf (β) +E [ln eg] .

With g = θG (f )

Entf (β) ≤ ξ (β)Eβf [G (f )] = ξ (β) θ−1Eβf [θG (f )]

≤ ξ (β) θ−1
(
Entf (β) + lnE [exp (θG (f ))]

)
.

Rearranging we get for θ > ξ (β)

Entf (β) ≤
ξ (β)

θ− ξ (β)
lnE [exp (θG (f ))] .



The supremum of an empirical process

Theorem: X1, ...,Xn independent with values in X
F be a ctble class of functions f : X → [−1, 1]
E [f (Xi)] = 0, ∀i ∈ {1, ...,n}
Define F : Xn → R and W : Xn → R by

F (x) = sup
f∈F

∑
i

f (xi) and

W (x) = sup
f∈F

∑
i

(
f2 (xi) +E

[
f2 (Xi)

])
.

Then for t > 0

Pr {F −E [F ] > t} ≤ exp
(

−t2

2E [W ] + t

)
.


