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Tail bounds

Z a real random variable. We look for bounds of the form
Pr{Z —FE[Z] >t} <E(t)

where we hope that = exponentially decreasing

Applications

B Statistics

B Mathematical physics
B Learning Theory

B Economy

B Computer science



Problem setup

(2, 1) =TT 1 (€, %4, ;) a product of probability spaces
A = the algebra of bounded measurable functions f : () — R

X, a random variable distributed as u;, so
X = (X1, ..., Xn) is a vector of independent varianbles

Objective: for f € A and £ > 0, bound

Prif(X)-E|[f(X)] >t} =Pr{f-E[f] >t}



Markov inequality and exponential moment method

Theorem (Markov inequality): If f € L1 (), f > 0 and ¢ > 0 then

E
Pr{f >t} < #
Theorem (Chebychev inequality): If f € Ly () and ¢t > 0 then

pe(lf - 1) >ty < L)

Theorem (Exponential moment method): If f € Loo || and t > 0 then

Pr{f—E|[f] >t} < Bigfoexp (InE [eﬁ(f_Em)} —Bt) .

In E [emf_E[f])} is called the moment generating function (mgf).



Entropy and the moment generating function

Theorem : If f € Aand 8 € R then

nE[eff] = sup  BE[pf] - E[plnp]
p=p-density on ()

and the supremum is attained by the density
eBf
PBf = :
Bf l?[eﬁf}

Terminology:

Partition function ~ Zgy = E |eA7]
Thermal measure dugs = pgrdp = eﬁfd,u/Zﬁf
Thermal expectation Fgrlg| = E [geﬁf} /23

Entropy Ent; (8) = E [pﬁf In pﬁf} = BEgs|f] —InZgy



Entropy and concentration

Theorem: For f € Aand 8 >0
_ B Enty ()
BU—E[f])] — /
InE[e | B/O dry

,72
Pr{f—E|[f] >t} < inf exp (5/5 E”tf2(7)d7_5t>.
0 8

5>0

This is the reason why we want to bound the entropy!



Entropy, thermal variance and fluctuations

o5 (9) = Egy [(9— Egy [9])2] -

Formulas:
d _
%ME[QBJC} = Eﬁf f]
d _
@Eﬁf 9] = Eg¢lfal—Egrlf] Egslal.

Theorem (fluctuation representation of entropy): For f € Aand 8 >0

B 8
Entf(ﬁ):/o /t 02 (f) dsdt.



Product spaces

f:Q= HQin(x):f(acl,...,xn)GlR.
1=1

A = {functions in A which don’t depend on the k-th argument}

Substitution operator 55 A — A

S];f (x) = f(x1, ' Tp_1, Y, Ta1, - Tn)

Conditional expectation Ey : A — Ay, defined by Ey [g] = Ey~y, [Sgljf]



Conditional quantities

Zigfr = Ei [eﬁf] conditional partition function
Ey 19l = 2, BfEk [geﬁf] conditional thermal expectation
Enty s (8) = BEL gf 9] —InZ, g conditional entropy

Ul%,ﬁf 9] = Er g [(g — EL ¢ [g])2] conditional thermal variance
o2 [g] = E}, [(g — By [g])z} conditional variance

Lemma: For g € A, Egy [Ekﬁf [g” = Egylg].



Thermal subadditivity of entropy

Lemma: If A, g > 0 then
E [h]

E |[h]In E gl

§E[hlné].
g

Lemma: If p € A and p > 0 then

| §§E[p'”Ekp[p1]'

P
E |pln
ez

Theorem: For f € Aand B € R

Entf < Eﬁf

n
Z Entk f :l



Summary of results

For fe Aand 8 € R

Pr{f—Ef>t} < inf exp (InE {eﬁ(f_Ef)} —Bt)

-~ p=0
B 5Entf (’}/)
InE[eB(f Ef)] = 5/0 ~2 dry
Ent;(8) < Eg; ZEntk,f(ﬁ)]
k—

1
8 B
Enty (8) = /0 /t 02 [f]ds dt



Tomorrow

e Efron-Stein inequality

e Bounded Difference inequality

e Bernstein-Bennett inequalities

e Various applications



Summary of results

For f € Aand 8 € R
Pr{f—FEf >t} < inf exp (InE[eB(f_Ef)} —Bt)

- pB=0
B B Entf (’7)
In £ [eﬁ(f Ef)] = 5/0 ~2 dry
Ent; (B) < Egy Z Enty s (5)]
k=

1
B B
Entf (8) = /O /t o2, [f] ds dt

where o] =  [oe?/) /2 [691] and () = i [ (o By o))
and Ent(y,) 7 (8) = BE()¢ [f] — In By |€P7]



Some operators on A

partial difference operator

conditional variance

conditional range

sum of conditional variances

sum of conditional squared ranges

For ke {1,...n},y,y € Qpand f € A

ij,y,f
% (f)
i (f)

22 (f)

R*(f)



The Efron-Stein Inequality

Theorem (Efron-Stein inequality): For f € A

o? (f) < E[Z2(f)]



The bounded difference inequality

Lemma: If a < f < b then

2 (b—a)’
2 (1) <7
Theorem: For f € Aandt >0
Pr{f—Ef >t} <ex ( —217 )
=T \supren B2 () ()

n

Recall that R? (f)= > r;% (f)=)>_ sup (Dz,y/f)z

k=1 k=1Y.y' €0y



Corollaries of the bounded difference inequality

Corollary 1 (Hoeffding’s inequality):
Let X be real random variables a;. < X < bg.. Then

—2t2
Pr{Z(XkE[Xk])>t}§exp( m 2).
k=1

k (b — ar)

Corollary 2 (Little bounded difference inequality): For f € Aandt > 0

7?,62

2
Pr{f —Ef >t} <exp <_2t >

where ¢ = max  sup DlyC g (%) -
ko xeQ,y,y'eQy, '



Application: vector valued concentration

Theorem: X independent r.v. with values in a normed space B
EX;] =0and [ X;]| < ¢
Then for 6 > 0 with probability at least 1 — ¢

S X, S X; +\/2Zc§|n(1/5).

<E

If B is a Hilbert-space and the X are iid then

. JE X117 +c1\/2|n (1/6)

n n

1
n 2 i




Application: Rademacher complexities

Theorem: F a class of functions f : X — |0, 1]
X = (X1, ..., Xn) be a vector of iid r.v. with values in X.

Define for Rademacher variables €14, ..., en
2
Rad (F,x) = —Ee sup |Y € (z;)].
n - ferF|;

Then with probability at least 1 — ¢ in X

21In(2/0)

sup lZf(Xi) — E[f (X;)]] <Rad (F,X) +2\/

feF | n




Bennett and Bernstein inequalities

Lemma: If f — Ef < 1. Then for 8 > 0 we have U%f (f) < ePa?(f).

Lemma: Assume that f — Ef < 1 for all k € {1,...,n}. Then for 8 > 0
Ent; (8) < (Be’ — e’ +1) Egy |2%(f)].

Lemma: For z > 0 we get (1+2)In (14 ) —x > 322/ (6 + 22).

Theorem (Bennett/Bernstein inequalities). Assume f — E.f < 1,Vk. Let
t > 0 and denote V' = supycq 22 (f) (x). Then

Pr{f _E [f] > t} < exp (—V ((1 +tV_1> In (1 —I—tV_l) — tV_l))

42
< .
= &P (2\/ + 2t/3>




Application: vector valued concentration revisited

Theorem: X iid r.v. with values in a Hilbert space 'H
E|X;|=0and | X;|| <c

Then for 0 > 0 with probability at least 1 — ¢

2
_ JE[lell } (1+am 7o) | deln(1/6)

n 2n

1
n 2 i




Tomorrow

e (Gaussian concentration

e Exponential Efron-Stein inequalities

e Application to convex Lipschitz functions

e Application to random matrices



Gaussian concentration

Theorem (/bragimov, Tsirelson, Sudakov):
f:R™ — R is L-Lipschitz (possibly unbounded)
X = (X1,..., Xpn) an iid vector X; ~ N (0,1).
Then fort >0

Pr{f(X)>E[f(X)] +s} <e /(0%



A monotonicity bound on the thermal variance

Lemma (Chebychev's association inequality):
g,h:IR — IR, X a real random variable.
If g and h are either both nondecreasing or both nonincreasing then

Elg(X)h(X)] > Elg(X)] E[h(X)].
If either one of g or h is nondecreasing and the other nonincreasing then

Elg(X)h(X)] < Elg(X)]E[h(X)].

Lemma (monotonicity bound): If 0 < s < 3. Then

o5t () < Barpgg [Eaz’wu [(f (@)~ f (f”’,))z ” '

_|_



More operators on A

Define two operators D? : A — A and Vf : A — A by

2
D?f = Z(f— inf s§f>

L yEQk

and fo = %EQNM{; [((f—55f>+)2 :




Exponential Efron-Stein inequality, upper tail

Lemma: For 6 >0and f € A

2
Enty () < Bay [VE()

and |nE[eB(f—E[f]>} < 5/ L f V+f dr.

Theorem: Witht > 0

42 42
500 <oy ) <o )

2supxeq Vif (x) 2 supyeq D?f (x)




Exponential Efron-Stein inequality, lower tail

Lemma: If f € Aand f—inf, f < 1,Vk then for 8 > 0
Ent_;(8) < ¢ (B)E_py [sz],
where ¥ (8) = e’ —p—1
_ Y (B) [P
and InE[emEm f)] < T A E_ [D2f} dy

Theorem : If f —inf;, f < 1 for all k and with A := sup,cq D?f (%),
then fort > 0

()

42
= =P <2 supyeq D?f (x) + 2t/3> '




Application: convex Lipschitz functions

Theorem: f:[0,1]" — R

f is L-Lipschitz

f is separately convex (i.e. y € [0, 1] — Sly‘“f (x) is convex for all k£ and all x)
X1, ..., Xp, are independent with values in [0, 1]

Then
Pr{f(X) > Ef(X)+s} < e=5°/2L7

We wait with the lower tail...



Application: operator norm of a random matrix

Recall: If M is an m X n matrix its operator norm is

1Ml = sup (Mv, w)
veR™,weR™, ||w|],||v]|=1

Theorem:
X = (Xij) € [—1,1]™" a random m x m matrix with independent X;.
Then

PrilXlloc = £ {IIXlloo] =

|\

)

X

©
N
o| L
N
N~

42
and Pr{E[|X]] - Xl > £} < exp( )



Tomorrow

e Concentration of self bounding functions

e Application to convex Lipschitz functions

e Decoupling

e Concentration of the supremum of an empirical process



Beyond uniform bounds

Previous strategy:

1. Bound Enty (v) < &(v) Eys [G(f)]
withG: A— A £ R — Ry

(e.g. € () =~?/8 and G = R? for bded difference,
£(y) =~veY —e¥ 41 and G = X2 for Bennet, etc)

2. Bound mgf as

n EPU—ET) < /f %—Z)Eﬁ (G ()] dy < Bsup G (f) (%) /f : (Z)zdv-

Now we want to avoid the uniform estimate on G (f) of the last step!



First trick: self-boundedness

Idea: Suppose G (f) < f. Then

5 [ £§—Z)E7f Gy <8 %—Z)Eﬁ Nav=5 [ 57(3) (d‘i n Z,yf> dy

Theorem: [f fo < af + b then

° 2
InE [SU-PUD] < BZ(aE[f1+b) & 1] < 28E [f] + 82
2—af 2 —af

If D2f < af + b and f —inf f <1 then

In B2 [eﬁ(E[f]—f)] < B2 (aE [f] +b)_
_ 2



Self-boundedness - tail bounds

Lemma: If C, b, t > 0, then

. C'32 — 42
ﬁE[IOn,];/b) <_5 b1z b@) = 2(2C +bt)’

Theorem: If V2f < af + b then

42
Prif=Ell>1) s e (2 (aF [f] +b—1—at/2)> |

If D°f < af +band f —infy, f <1 then

42
Pr{E[f]— f >t} < exp (Q(OE[’}]M))



Convex Lipschitz functions revisited

Theorem: f:[0,1]" — R

f is L-Lipschitz

f is separately convex (i.e. y € [0, 1] — Sly‘“f (x) is convex for all k£ and all x)
{2 takes values in an interval of length < 1

X1, ..., Xp, are independent with values in [0, 1]

Then for t € [0, E [f (X)]]

Pr{E[f(X)] > f(X)+s} < e * /8%



Second trick: decoupling

Recall Fenchel-Young inequality: Vp.-density p, Vg

Eﬁf [g] < Entf (6) —I—E[In eg].
With g = 0G (f)

Ent; (B) < €(B)Egy[G (f)] =€(B) 0 Egy [0G (f)]

£(B)07T (Enty (B) +In E [exp (0G (£))]) -

IAIA

Rearranging we get for 6 > £ (B)

£ (B)
—&(8)

Ent; (8) < 7 In E [exp (0G (f))] .



The supremum of an empirical process

Theorem: X7y, ..., X}, independent with values in X
F be a ctble class of functions f : X — [—1, 1]
E|f(X;)] =0,Vie{l,..,n}
Define F': X™ — R and W : X" — R by

F(x) = sup > f(z;) and

JeF

W(x) = supd (f2(z;) + E|f2(Xy)]) .

FeF

Then fort >0

_ 42
Pr{F —E|F| >t} <exp <2E[V[i]—|—t>'



